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We present a calculation of single and double spin asymmetries for inclusive hadron 
production in hadronic collisions. Our approach is based on Leading Order (LG) 
perturbative QCD and generalized factorization theorems, with full account of 
intrinsic parton momentum, fc^ , effects. This leads to a new class of spin and fcx- 
dependent distribution and fragmentation functions. Limiting ourselves to consider 
leading twist functions, we show how they could play a relevant role in producing 
non- vanishing spin asymmetries. 



1. Introduction 

It has been experimentally known since a long time that transverse single 
spin asymmetries (SSA) in hadronic collisions can be, in particular kine- 
matical regions, very large. Two relevant examples are: the transverse A 
polarization, P^, measured in unpolarized hadron collisions; the SSA, Aj^, 
observed in p^p tt + X. and Am are defined as: 

where da stands for the corresponding invariant differential cross section 
and tj i denote transverse polarization with respect to the hadron produc- 
tion plane. Both these observables can reach in size values up to 30%- 
40%. These results are at first puzzling in the context of perturbative QCD 
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(pQCD) if, as usual, one assumes a collinear partonic kinematics. In fact, 
it is easy to see that in this case pQCD predicts almost vanishing SSA at 
large energy scales. Writing a transverse spin state as a combination of 
helicity states, | T / i) = ^ have schematically: 

(TIT) + UU) (+1+) + (-!-)' ^' 

where (f | "f) stands for the partonic cross section da^ . The presence of a 
term like Im(+|— ) in the numerator of Eq. (2) requires both helicity flip at 
the partonic level and a relative phase between helicity amplitudes. Because 
massless QCD conserves helicity and Born level amplitudes are real. An 
should be proportional to the quark mass times a factor ag coming from 
the required higher order contributions. This implies An oc asrUq/Eg, 
which would be negligible at large energies. A possible way out is to take 
into account partonic transverse momenta, k±, in parton distribution and 
fragmentation functions and in the elementary scattering process. This 
in turn leads to the introduction of a new class of spin and k± dependent 
partonic distribution (PDF) and fragmentation (FF) functions that, at least 
in principle, are able to generate spin asymmetries. 



2. General formalism 

In the usual collinear pQCD approach at leading order (LO) and leading 
twist, the unpolarized cross section for the process AB — > CX reads: 

a.b.c.d 

® d^ah^cdj-^^ £^ a;a, a:b) ® Dc/dz, Q^) , (3) 

where fa/Ai^a, Q^) denotes the PDF for parton a inside hadron A carrying 
a fraction Xa of the parent hadron light-cone momentum; Dcjciz^Q"^) is 
the FF for parton c fragmenting into hadron C with a fraction z of the 
parton light-cone momentum; ^Q°-^^<^<i denotes the partonic cross section 
for the elementary scattering ah cd; s, i, ii are the Mandelstam variables 
for the partonic process. 

In order to include fcj^ effects wc have to generalize standard collinear 
PDF and FF to fcj^-dependent functions; for instance fa/A{xa) is general- 
ized to fa/A{xa,k±a), whcrc k±a is the parton momentum perpendicular 
to the hadron momentum, with the condition: 

fa/A{Xa)= / <i'^k±afa/A{Xa,k±a) ■ (4) 
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Analogously, the fragmentation function Dc/c{z) is generalized to 
Dc/c{z,kj_c)i where k±c is the transverse momentum of the observed 
hadron C with respect to the fragmenting parton c momentum. 

The next step is to extend the pQCD expression for the cross section, 
Eq. (3), including fej, effects: 

a,b,c,d 

® da"''^°'^(s, I u, Xa, Xk) O Dc/c{z. k^c; Q') , (5) 

where now s, t and u depend on the full k± kinematics.^ 

A factorization theorem with the inclusion of transverse momenta has 
not been formally proved in general,^ but only for the Drell-Yan process, 
for two-particle inclusive production in e+e" annihilation^ and, recently, 
for SIDIS processes in particular kinematical regions.'* 

In order to study spin asymmetries we have to include explicit spin 
dependences into Eq. (5). This can be done by introducing in the factor- 
ization scheme the parton hclicity density matrices describing the parton 
spin states. In this way, starting from Eq. (5) we can write the polarized 
cross section as 

a,6,c,d,{A} 

where {A} is a shorthand for the sum over all helicity indices involved. In 
Eq. (6), pII^^^ is the hclicity density matrix of parton a inside hadron 
A with generic polarization Sa- Similarly for parton 6 inside hadron B. 
The Ma ,A^;A„,A^'s are the helicity amplitudes for the elementary process 
ah cd, normalized so that the unpolarized cross section, for a coUinear 
collision, is given by 

^^ = i^i E i^w„.A.r (7) 

Ao>Ai,.Ae,A^ 

The M\^,\^:x^.\^^s in Eq. (6) arc defined in the hadronic cm. frame; they 
are related to the usual helicity amplitudes, defined in the "canonical' par- 
tonic cm. frame, ^ , in a non trivial way by proper phases com- 
ing from the rotations and the boost connecting the two reference frames. 
These azimuthal phases are crucial in determining, when integrating over 
partonic phase space, the size of each allowed contribution to Eq. (6).^'^'^ 
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Finally, D'l'^''^,'-^ {z,k_\_c) is the product oi fragmentation amplitudes for the 

c ' c 

c — > C + X process 

^ A, Ax 

where stands for a spin sum and phase space integration over all 

JX,\x 

undetected particles, considered as a system X. The usual unpolarized 

fragmentation fimction Dc/c{z), i-R- the number density of hadrons C 
resulting from the fragmentation of an unpolarized parton c and carrying 
a light-cone momentum fraction z, is given by 

Dc/c{z) = \Y. [d'k±c D^Ck ^^^) • 

One can also give a more explicit connection between hadron and parton 
polarizations. Interpreting the partonic distribution, at LO, as the inclusive 
cross section for the process A ^ a + X we have: 

= E pt%A ^t^u ' (10) 

where pf'^y is the hadron helicity density matrix. 



Fxl',il = T ^K^x, •^a:„,a, , ;A'^ > (11) 



and the jF's arc the helicity distribution amplitudes for the A ^ a + X 
process. Inserting Eq. (10) into Eq. (6) we obtain our master formula for a 
collision between polarized hadrons: 

^^iA,SA)+iB,Ss)^c+x ^ y a,Sa pKX ^ b,s, p\,K 

£^ A^,A^ AgjAg A3,Ag 

a,6,c,d,{A} 

0M,^,A,;A,,A, MA^A,;Ai,A^ ® K^t^ ■ (12) 

This expression contains all allowed combinations of spin and fc_L-dependent 
distribution and fragmentation functions: at LO and leading twist these 
functions have a simple partonic interpretation and are related to the spin 
and fej^-dependent functions discussed in other papers. ^'^ As an example. 
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the relation between the definitions of the Sivers, the Boer-Mulders, and 
the Collins functions in two widely adopted notations is the following: ^° 

/g//.T - f,/hi = A^/,/;,T = 4Im(F+;+) cx (13) 
hyh - U/h = ^"".f.yh = 2lm{F+;-) cx hi (14) 
Dh/g^ - D^,^, = A^A,/^T = 2lm{D'l_) a . (15) 

In Eq. (13) f^/f^r gives the probability to find an unpolarized parton 
inside a transversely polarized hadron. A^ fgt in Eq. (14), is the proba- 
bility to find a transversely polarized quark inside an unpolarized hadron. 
Finally, A^ Dj^jq^ is the probability for a transversely polarized quark to 
fragment into an unpolarized hadron. 



2.1. An{A'^ B + X) 

As an application of this formalism let us consider the process A}B ^ 
TT + X, where A and B are spin one- half hadrons. In this case the helicity 
density matrices for A, B, take the form: 

By performing explicitly the sum over hadron helicity indices in Eq. (12) 
and using Eq. (16) we obtain: 

a,b,c,d,{X} 

® [F^^X + F^f"] ® Ma,a.;A„a.m;, ^, Dl^y^ , (17) 

where {A} stands for a sum over partonic helicity indices. 

In Eq. (17) there are terms that change their sign when changing the 

sign of the corresponding hadron polarization. These terms survive in the 
numerator of the asymmetry and involve, depending also on the partonic 
subprocess considered, different combinations of the Sivers, Boer-Mulders 
and Collins mechanisms. 

As an explicit example lot us now consider a particular partonic sub- 
process: qq — > qq. Then, using known symmetry properties of the helicity 
distribution functions^ we can write: 

^xl'^l f^^"' ^-L«) = ^-La) exp[i(A^ - X'A)(l>a\ , (18) 



p-K,-K ^ (_i)(a,-aj+(a:,-a;) ^ A' ^ (^g^ 
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where (pi (* = o,, b, c, d) are the aziirmthal angles of parton t throe- 
momentum in the AB cm. frame. Analogously for fragmentation functions 
we have: 

^I„Ai = ^I.,A^exp[z(A,-A;)</.f], (20) 

where (j)^ is the azimuthal angle of the pion three-momentum as seen in 
the parton c helicity frame. ^ 

As mentioned above, the helicity amplitudes Mx^x^-x^x^ in Eq. (17) 
are defined in the hadronic cm. frame; we can relate these amplitudes to 
those given in the canonical partonic cm. frame, ^XcXrXaXb^ where Z is 
the direction of the colliding partons and the XZ-plane coincides with the 
scattering plane. In this frame the ^Xc\d-\a\h^ exhibit explicit symmetry 
properties. 

To reach the canonical partonic cm. frame, from the hadronic cm. frame, 
we have first to perform a boost along the p„ -|- direction, so that the 
boosted three-vector pjj + pj, is vanishing. In this frame {S') partons a 
and h are in the "head-on" configuration, but not aligned along the ^'-axis 
direction. We then perform a rotation to align the colliding initial par- 
tons with the .Z^-axis. We call this new frame S" . In this frame parton c 
three-momentum does not lie in the XZ-plane but has a transverse com- 
ponent, with an azimuthal angle 0". A final rotation around Z by leads 
to the canonical configuration. The relationship between Mx^Xd;\a\h ^"^^ 
^\c\a;\a\, is then given by:^ 

xe-'[^<.(«<"+«'»)+^!'(«^+«'')-^c(€c-Ffc)-A<j(|<i-F|<i)]gi(A<.-A,)0i' ^21) 
^e-i{Kia+Kii-Kic-\dd) e-i{(K-K)L-{K->^d)L\ f,i{K-K)'i>c , 

where ^i, {i = a, 6, c, d) are phases due to the behaviour of helicity states 
under the Lorentz transformations connecting the hadronic and the canon- 
ical partonic cm. frame. ^'^^ 

Using Eqs. (18), (19), (20), (22) into Eq. (17) we obtain the contribution 
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to the numerator oi An coming from the qq — > qq partonic subprocess: 



qq-^qq qq-^qq 



2 lm[F^+{Xa, fc_La)] COS0a (g) fb/siXb, k±b) 

- {i^+r {Xa, k^a) C0S(2</.'J - - f a + 6 + 6 + 

- F+ /c_La) C0S(2(/)^! - - f a + 6 + 6 " 0a)} 

® 4Im[i^++(x6,fci6)] ®M°+.+_M°+._+®73!^+ (22) 

+ [F+l{Xa,k±a) COs((/>',' + (^-f - - L + £.c + ic + 4>a) 

- F- + {Xa, k^a) C0S(<^;' + (j)" - - la + + Ic - <t>a)} 

^fb/B{xb,k±b) O Ml+;++Ml+;-+ 2Im(D!^_) 

- 8 Im[F^+{xa,kj_a)] cos^a Im[F^+ (a;b, A:_Lb)] 

X cos(<^',' - 0f + 6 + 6 - - Ic) Ml+.++Ml+.,+- ® Im(D;_) . 

With the help of Eqs. (13), (14) and (15) one can identify in this expres- 
sion the Sivers, Boer-Mulders and Collins mechanisms. The terms i+r 
and F^^ are in turn related to the distribution of transversely polarized 
quarks inside a transversely polarized hadron, the well-known transversity 
function. 



3. Final hadron polarization in hadronic collisions 

Within the same formalism we are able to calculate polarized cross sections 
for processes in which the final, spin one- half hadron (e.g. a A hyperon), 

is polarized. Our master formula, Eq. (12), is modified by the introduction 
of the helicity density matrix of the observed hadron, describing its 

polarization state. This way, Eq. (12) becomes: 

flA , (A,Sa){B,Sb)^AX V -Dx X X -D*, /)^/° 

= E ^:a^ « PxfS, Fx:% ^ i^.A.;A„A.M;, D^St • 

a,6,c,d,{A} 

(23) 

By choosing Sa and 5*^, and performing the sum over partonic helicity 
indices (as discussed above), Eq. (23) allows one to compute all polarization 
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states (longitudinal and transverse) for a final spin- 1/2 hadron produced in 
(un)polarized hadron-hadron collisions. Notice also the appearance in the 
fragmentation sector of new terms with respect to the pion case, depending 
on the final hadron helicities. 

4. Conclusions 

Spin effects in inclusive high-energy hadronic reactions play an important 
role in our understanding of strong interactions. 

We have presented a general approach to describe, within pQCD factoriza- 
tion schemes and using the helicity formalism, polarized inclusive particle 
production in high-energy hadronic collisions. By taking into account in- 
trinsic motion of partons in the distribution and fragmentation functions 
and in the partonic process, this approach allows one to give explicit expres- 
sions for single and double spin asymmetries. This requires the introduction 
of a new class of spin and fe_L-dependent functions. The combined study of 
single and double spin asymmetries for different particles and in different 
kincmatical situations may help in gathering information on these basically 
unknown functions. As an example, wc have bricfiy discussed two inter- 
esting applications of this approach, namely Ai\f{A^ B ^ tt + X) and final 
hadron polarization in (un)polarized hadronic collisions. 
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